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Why the cosmological constant Λ observed today is so much smaller than the Planck scale or
why the universe is accelerating at present? This is so-called the cosmological constant fine-tuning
problem. In this paper, we find that this problem is solved with the help of Higgs inflation by simply
assuming a variable cosmological “constant” during the inflation epoch. In the meanwhile, it could
predict a large tensor-to-scalar ratio r ≈ 0.20 and a large running of spectral index n′s ≈ −0.028
with a red-tilt spectrum ns ≈ 0.96, as well as a big enough number of e-folds N ≈ 40 that required
to solve the problems in the Big Bang cosmology with the help of Λ.
PACS numbers: 14.80.bn, 98.80.Es, 98.80.Cq
I. INTRODUCTION
The detection of B-mode from CMB by the BICEP2
group [1] has indicated a strong evidence of inflation [2–
4]. According to the results of BICEP2, the tensor-to-
scalar ratio is constrained to r = 0.20+0.07−0.05 at 68% CL
for the lensed-ΛCDM model, with r = 0 disfavoured at
7.0σ level. With the help of this new constant on r as
well as that on the spectral index, some inflation mod-
els with prediction of negligible tensor perturbation have
been excluded, such as the small-field inflation models.
In a simplest slow-roll inflation model, the early uni-
verse was driven by a scalar field called the inflaton. To
achieve an successful inflation, the potential of the infla-
ton field should be very flat. The most economical and
fundamental candidate for the inflaton is the standard
model (SM) Higgs boson, which has been already ob-
served by the collider experiment LHC in 2012 [5, 6]. In
this sense, Higgs inflation is a simple and elegant model.
However, to realize an inflation model by the Higgs bo-
son is not easy to predict correct density perturbations.
To see this, one could simply estimate the mass of the in-
flaton from the the amplitude of the scalar perturbation
power spectrum: m ≈ 1.5× 1013 GeV. which is many or-
ders of magnitude larger than the observed Higgs mass,
mh ≈ 125.9 ± 0.4 GeV. In other words, the potential of
Higgs field h is not flat enough to realize an inflation.
By introducing a non-minimal coupling to the gravity
(∼ h2R) , one could indeed achieve such a flat potential
after a conformal transformation [7]. But this model can
not accommodate the new measurement from BICEP2,
since it generally predicts a small amplitude of tensor per-
turbations, see ref.[8]. Some other alternative Higgs infla-
tion models are summarised in ref.[9] and the references
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therein. Among these models, there is a very interesting
Higgs inflation model called the Higgs chaotic inflation
proposed in ref.[10]. In this model, the quadratic chaotic
inflation model could be realized by the SM Higgs boson
based on the so-called running kinetic inflation [11–13].
We will give a very brief review on this model in the next
section.
Recently, it is found that the cosmological constant
plays an important role during the inflation time [9]. Not
only the tensor-to-scalar ratio could be enhanced with the
help of the cosmological constant, but also the number of
e-folds could be large enough to overcome the problems
in the Big Bang cosmology.
However, there are still two problems left. One is the
famous cosmological constant fine-tuning problem, which
states why the cosmological constant observed today is
so much smaller than the Planck scale, since the effec-
tive field theory still valid near this high energy scale.
By using the observational value of the Hubble con-
stant [14]: H0 ≈ 2.1332h× 10−42GeV with h ≈ 67, and
the value of the energy density parameter of the cos-
mological constant [14]: ΩΛ0 ≈ 0.68, one can estimate
that Λ0/M
2
pl = 3H
2
0ΩΛ0/M
2
pl ≈ O(10−117) ≪ 1. This
is equivalent to ask why the universe is accelerating at
present. To explain this later time acceleration, people
usually introduce an exotic energy component with neg-
ative pressure called the dark energy [15], but so far as
we known, we have not find it in the laboratory yet.
The other problem is that there is a tension between
the observational results from BICEP2 and the report of
Planck. According to the recent works from Planck [14],
it gives ns = 0.9600±0.0071 and r0.002 < 0.11 at 95%CL
by combination of Planck+WP+highL data. However,
when the running parameter defined as n′s ≡ dns/d lnk
is included in the data fitting, it gives ns = 0.95700 ±
0.0075, r0.002 < 0.26 and n
′
s = −0.022+0.020−0.021 at 95%CL
by the same data. In a word, to give a consistent con-
straint on r for the combination of Planck+WP+highL
data and the BICEP2 data, we require a large running
2of the spectral index .
In history, the cosmological constant was first intro-
duced by Einstein in his field equation as follows
Rµν − 1
2
Rgµν + Λgµν = 8πGTµν , (1)
where Rµν and R are the Ricci tensor and the scalar cur-
vature respectively, while Tµν is the energy-momentum
tensor of matters. Using the Bianchi identities and as-
suming the energy-momentum tensor satisfies the con-
servation law ∇µTµν = 0, it follows that the covariant
divergence of Λgµν must vanish also, and hence that Λ =
const. However, if we move the cosmological term Λgµν
to the right-hand side of Eq.(1), and to interpret Λ as part
of the matter content of the universe with total energy-
momentum tensor T˜µν = Tµν − Λgµν . Hereafter we set
the unit 8πG = 1 for convenience. Once this is done,
there are no a prior reasons why Λ should not vary, as
long as the total energy-momentum tensor satisfies the
conservation law: ∇µT˜µν = 0. For a wonderful review on
the variable cosmological constant, see ref.[16].
In this paper, we will also assume that Λ is no longer a
constant during the inflation time, which means there ex-
its an energy transfer between Λ(t) and the inflaton field,
see Sec.III. And we find that the cosmological constant
fine-tuning problem is solved with the help of inflation,
while a large running of the spectral index is obtained
with the help of the cosmological constant. In the fol-
lowing, we still call Λ(t) the cosmological constant for
the sake of historical convention, but one should keep in
mind that Λ(t) is time-dependent now.
II. RUNNING KINETIC INFLATION
The running kinetic inflation can be easily imple-
mented in supergravity by assuming a shift symmetry
exhibiting itself in the Ka¨hler potential at high energy
scales, while this symmetry is explicitly broken and there-
fore becomes much less prominent at low energy scales.
In the unitary gauge, one can write down the Lagrangian
for the Higgs boson h [10–13]:
L = 1
2
(
1 + ξ
h2
2
)
(∂h)2 − λh
4
(h2 − v2)2 . (2)
The effect of non-canonical kinetic term is significant for
large h ≥ 1/√ξ. The kinetic term grows as h2, that is
why the name “running kinetic inflation”. By redefining
the Higgs field, one can rewrite the Lagrangian in terms
of canonically normalized field φ ≡
√
ξ/8h2 with the
effective potential
V (φ) =
1
2
m2φ2 , m2 ≡ 4λh
ξ
M2pl . (3)
Thus, the quadratic chaotic inflation occurs.
III. VARIABLE COSMOLOGICAL
“CONSTANT” DURING INFLATION
During inflation, the spatially flat universe could be
described by the Friedmann equation 3H2 = ρφ + ρΛ,
where ρφ = (φ˙
2+m2φ2)/2 is the energy density of the in-
flaton, which is dominated by its potential energy, while
ρΛ = Λ in the unit of 8πG = 1. Furthermore, by us-
ing the slow-roll approximation, the Friedmann equation
could be approximated as
3H2 =
1
2
m2φ2 + Λ . (4)
Also, the conservation law ∇µT˜µν = 0 gives
ρ˙Λ + ρ˙φ + 3H(ρφ + pφ) = 0 , (5)
with the pressure density of inflaton field, pφ = (φ˙
2 −
m2φ2)/2. Notice that the time evolution of ρΛ and ρφ is
coupled in Eq.(5), and there is an energy transfer between
the inflaton and Λ. In fact, we have pφ ≈ −ρφ during
inflation time. Then according to conservation law (5),
it follows that ρ˙φ = −ρ˙Λ, which means the energy could
be transformed from Λ to ρφ if ρ˙Λ < 0. In other words,
there exists an interaction between Λ and the inflaton
field, which causes the transfer of energy but keeps the
total energy density unchanged, since ρ˙Λ + ρ˙φ = 0.
The simplest term in the Lagrangian that describing
the interaction between the two components might be
Lint ∼ φρΛ, which is analogous to the particle-fluid inter-
actions that often emerged in the particle physics. Hence,
the conservation law becomes
ρ˙φ + 3H(ρφ + pφ) = Q , (6)
ρ˙Λ = −Q , (7)
with the coupling term
Q = −αφ˙ρΛ = −αφ˙Λ , (8)
where α > 0 is a dimensionless constant. Here one can see
that, the interaction term Q 6= 0 as long as the inflaton
has non-vanishsed kinetic energy φ˙ 6= 0, and Q would be
almost vanished when Λ becomes extremely small. By
inserting the explicit form of ρφ into Eq.(6), we obtain
φ¨+ 3Hφ˙+m2φ+ αΛ = 0 , (9)
and in the slow-roll limit, it becomes
φ˙ ≈ −m
2φ+ αΛ
3H
< 0 . (10)
Thus, we have a positive interaction term Q > 0, which
means that the energy density of the cosmological con-
stant ρΛ is decreasing while that of the inflaton ρφ is
increasing.
From Eq.(7), we have Λ˙ = αφ˙Λ. Therefore, we obtain
Λf = Λexp
[
− α(φ− φf )
]
≈ Λ exp
(
− αφ
)
, (11)
3where the subscript f denoted the values at the end of
inflaton. It should be noticed that Eq.(11) is very im-
portant to explain why the cosmological constant is so
small at present universe with the help of inflaton field
φ. In the following, one can see that Λf could be in-
deed as the same order of magnitude as its present value,
namely, Λf ≈ Λ0, which is extremely small. Then the
interaction term in Eq.(8) is almost vanished, Q ≈ 0 or
Λ˙ ≈ 0. Therefore, Λf becomes a constant after inflation,
and it will cause a second accelerating at later time that
has been confirmed by the supernovae observations.
On the other hand, with the help of Λ and the coupling
between the inflation and itself, the inflation model could
predict a large tensor-to-scalar ratio r ≈ 0.2 and a large
running of the spectral index n′s ≈ −0.03 with ns ≈ 0.96
and the number of e-folds N ≈ 40. To see this, one may
define the following slow-roll parameters
ǫ ≡ − H˙
H2
=
2(m2φ+ αΛ)2
(m2φ2 + 2Λ)2
, (12)
η ≡ ǫ˙
ǫH
= −4 m
2 + α2Λ
m2φ2 + 2Λ
+ 4ǫ . (13)
It is clearly that when the field value φ is large, the slow-
roll parameters are small enough, i.e. ǫ, η ≪ 1, to drive
an inflation. And the inflation will end when Λ goes small
and φf . 1 , namely, ǫ ≈ 2/φ2f ≈ 1.
Furthermore, the power spectrum of the scalar pertur-
bation is given by
Ps = As
(
k
k∗
)ns−1+n′s ln(k/k∗)/2
, (14)
with the amplitude As given by
As =
H2
8π2ǫ
≈ m
2φ2 + 2Λ
3π2r
, (15)
where we have used the Friedmann equation (4) and also
the relation r = 16ǫ. Here, ns is called the spectral index,
and n′s = dns/d ln k is the running of the index. And
also the spectral indices and its running could be given
in terms of the slow-roll parameters:
ns − 1 ≈ −2ǫ− η , (16)
n′s ≈ −2α3ΩΛ
√
2ǫ+ 8ǫ2 − 8ǫη , (17)
where we have defined ΩΛ = Λ/(3H
2). Notice that, the
interaction is also important to produce a relatively large
running of the spectral index trough the first term in
Eq.(17). Without interaction, i.e. α = 0, one could only
get a small running of order O(ǫ2). In fact, one can
rewrite the running of spectral index as the following
n′s = −2α3ΩΛ
√
r
8
+
r
2
(
ns − 1 + 3r
16
)
. (18)
The inflaton mass and its field value could be also ob-
tained in terms of ns, r, As and ΩΛ as
m2 =
3π2rAs
4
(
ns − 1 + 3r
8
− 2α2ΩΛ
)
, (19)
φ = 2
(√
r
8
− αΩΛ
)(
ns − 1 + 3r
8
− 2α2ΩΛ
)−1
,
(20)
where ΩΛ satisfies the Friedmann equation (4) that be
rewritten as
(√
r
8
− αΩΛ
)2(
ns − 1 + 3r
8
− 2α2ΩΛ
)−1
= (1−ΩΛ) .
(21)
By using Eq.(11) and the value of inflaton field (20), we
obtain the following equation
(
ns − 1 + 3r
8
− 2α2ΩΛ
)[
ln
(
2Λ0
3π2As
)
− ln (rΩΛ)
]
= −2α
(√
r
8
− αΩΛ
)
. (22)
The number of e-folds before the ending of inflation is
defined as
N ≡
∫ tf
t∗
Hdt =
∫ φf
φ∗
H
φ˙
dφ = −1
2
∫ φf
φ∗
m2φ2 + 2Λ
m2φ+ αΛ
dφ ,
(23)
where φ∗ is the value of the inflaton field at time t∗ when
there are N e-foldings to the end of inflation. Substitut-
ing the observational values of r ≈ 0.2, ns ≈ 0.96, As ≈
2.19 × 10−9 and Λ0 = 3H20ΩΛ0 ≈ 7.054 × 10−117 into
Eqs.(21) and (22), we estimate the values of α ≈ 18.74
and ΩΛ∗ = ΩΛ(t∗) ≈ 1.436 × 10−5. Then the num-
ber of e-folds before the ending of inflation is given by
N ≈ 40, while the corresponding value of inflaton is
φ∗ ≈ 12.67Mpl. It indicates that the inflation field dom-
inates the universe when there are about 40 e-foldings
to the end of inflation, while it is also accompanied by a
small but very important cosmological constant compo-
nent. The energy scale of cosmological constant at time
t∗ is roughly Λ∗ ≈ 9.31×10−14M2pl ≈ (7.43×1011GeV)2.
In other words, when α and ΩΛ∗ are around the values
estimated above, one can finally obtain a very small Λ0
just as the same order of magnitude as its present value,
see Fig.1. Thus, the cosmological constant fine tuning
problem is solved by inflation!
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FIG. 1: The present value of Λ0 (measured in the unit ofMpl.)
v.s. the parameter alpha. The dashed-orange, solid-black,
and dotted-purple curves correspond to 105ΩΛ∗ = 1.3, 1.4, 1.5
respectively. Here the tensor-to-scalar ratio and the scalar
power spectral index are fixed at r = 0.20 and ns = 0.96,
respectively.
In fact, inflation could last longer than 40 e-foldings.
Assuming the inflation begins at the time ti when value
of the inflaton is φi ≈ 14.27Mpl, then the corresponding
energy scale of cosmological constant is just at the Planck
scale Λi ≈M2pl ≈ (2.435×1018GeV)2. Notice that before
the time ti, the effective quantum field theory will break
down, and some modifications from the quantum gravity
theory are required.
Also, one can estimates the mass of inflaton field
by substituting α and ΩΛ∗ into Eq.(19): m ≈ 2.19 ×
1013GeV, which is slighly smaller than that in ref.[9]. If
ξ is sufficiently large, say ξ ≈ 6.4 × 109 in Eq.(3), the
quartic coupling could be λh ≈ 0.13, which is required
to explain the correct electroweak scale and the Higgs
boson mass mh =
√
2λhv. The large value of ξ could
be understood in terms of symmetry, see refs.[10–13] for
details.
The running of the spectral index can be also estimated
as n′s ≈ −0.028, when α ≈ 18.74 and ΩΛ∗ ≈ 1.436×10−5.
In the meanwhile, it predicts the tensor-to-scalar ratio
r ≈ 0.20 and the spectral index ns ≈ 0.96. We also
plot the values of n′s with different α and ΩΛ∗ in Fig.2.
Generally, one can see that the value of n′s could be as
larger as the central value ns ≈ −0.02 from the fitting
results of Planck [14]. In this sense, we have solved the
large running of the spectral index problem of inflation.
IV. CONCLUSION AND DISCUSSION
The recent detection of B-mode by BICEP2 indicates
an exciting leap forward in our ability to explore the early
universe and fundamental physics. The measurement of
the tensor-to-scalar ratio r ≈ 0.2 shows a very powerful
constraint to theoretical inflation models. Higgs boson is
the most likely candidate of the inflaton field. However,
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FIG. 2: The running of the scalar power spectral index n′s
v.s. the parameter alpha. The dashed-orange, solid-black,
and dotted-purple curves correspond to 105ΩΛ∗ = 1.3, 1.4, 1.5
respectively. Here the tensor-to-scalar ratio and the scalar
power spectral index are fixed at r = 0.20 and ns = 0.96,
respectively.
its mass mh ∼ O(102) GeV is much smaller than that
for a inflaton m ∼ O(1013) GeV. To solve this hierar-
chy problem, some authors proposed so-called the Higgs
chaotic inflation model based on the running kinetic in-
flation. In ref.[9] the authors find the cosmological con-
stant Λ plays an important role in the Higgs inflation,
but there still lefts the fine-tuning problem of Λ and the
large running of spectral index challenge of the inflation.
In this paper, we suggest a simplest coupling between Λ
and the inflaton field, Lint ∼ φΛ with a variable Λ(t) to
solve these two problems and we finally make it.
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